Introduction
Among the different configurations of branched cracks, the singly branched crack, as shown in Fig. 1 , has received the most attention in the literature. There have been many attempts ͓1-12͔ to solve this problem for arbitrarily values of a/b, the ratio of the half-crack length a of the main crack to the branch crack length b. Of particular physical interest is the limiting case as a/b→ϱ, where the solution ͓3,4͔ has been used to predict the initial angle of the branching of a crack in brittle solids under mixed-mode loading.
The majority of the analyses on branched cracks were based on the Muskhelishvili potential formulation and conformal mapping of the branched crack geometry. With the development of numerical computational techniques, numerical methods, in particular, finite element methods and boundary element methods are used extensively in solving the crack problems. It is well known that how to model the crack is the key issue in the analyses. Among several elastic two-dimensional crack modeling strategies by the boundary element methods, there exist the multidomain formulation ͓13͔, the stress formulation with regularization ͓14͔, and the dual boundary element method ͓15,16͔. For each formulation, in order to model the singularity of stress near a crack tip, options are available such as building in the crack-tip stress singularity ͓17͔, using the quarter-point boundary element ͓13͔, and strategically refining the near-crack-tip nonsingular element. Further details on elastic crack analysis by the boundary element method are given in Refs. ͓18͔, ͓19͔.
Even though much achievement has been made in crackmodeling techniques, both simple and very accurate crackmodeling techniques still need to be developed, in particular for branched crack problems and crack propagation problems. The displacement discontinuity boundary element method ͓20,21͔ is very well suited for analyzing plane crack problems because, physically, one can imagine a displacement discontinuity as a line crack whose opposing surfaces are displaced relative to one another. Based on the analytical solution ͓21͔ to the problem of a constant discontinuity in displacement over a finite line segment in an infinite elastic solid, in the present paper, the crack-tip displacement discontinuity elements, which can be classified as the left and the right crack-tip displacement discontinuity elements, are presented to model the singularity of stress near a crack tip. Furthermore, the crack-tip elements together with the constant displacement discontinuity elements presented by Crouch and Starfied are used to develop a numerical approach for calculating the stress intensity factors ͑SIFs͒ of general plane cracks. In the boundary element implementation, the left or the right crack-tip element is placed locally at the corresponding left or right crack tip on top of constant displacement discontinuity elements that cover the entire crack surface and the other boundaries. The method is called the hybrid displacement discontinuity method ͑HDDM͒. Numerical examples are given and compared with the available solutions. It can be seen that the numerical approach is simple, yet very accurate for calculating the SIFs of branched cracks. As a new example, cracks emanating from a rhombus hole in an infinite plate under biaxial loads are taken into account. The numerical results indicate the efficiency of the present numerical approach and can reveal the effect of the biaxial load on the SIFs.
On the application of boundary element methods to crack propagation analysis, the first attempt to automatically model crack propagation under mixed-mode conditions was given by Ingraffea, Blandford, and Liggett ͓22͔ for two-dimensional problems. They used the multiregion method ͓13͔ together with the maximum circumferential stress criterion to calculate the direction of crack propagation. Aliabadi ͓23͔ pointed out that the difficulty with the multiregion method is that the introduction of artificial boundaries to divide the regions is not unique, and that thus it is not easy to implement it in an automatic procedure. In an incremental crack extension analysis, these artificial boundaries must be repeatedly introduced for each increment of crack extension. In this paper, the hybrid displacement discontinuity method together with the maximum circumferential stress criterion ͓24͔ becomes a very effective numerical approach for simulating the fatigue crack propagation process in plane elastic bodies under mixed-mode conditions. In the numerical simulation, for each increment of crack extension, remeshing of existing boundaries is not required because of an intrinsic feature of the HDDM. Crack propagation is simulated by adding new boundary elements on the incremental crack extension to the previous crack boundaries. At the same time, the element characters of some related elements are adjusted according to the manner in which the boundary element method is implemented. As an example, the fatigue propagation process of cracks emanating from a circular hole in a plane elastic plate is simulated using the numerical simulation approach.
By the way, it is pointed out here that finite element simulations ͓25,26͔ when used to analyze crack problems have to face large computational problems connected with the discretization of the continuum into finite elements, particularly when some cracks propagate, thus changing the interior boundaries of the solids.
The Hybrid Displacement Discontinuity Method
The numerical approach presented in this paper for calculating the SIFs of branched cracks consists of the constant displacement discontinuity elements presented by Crouch and Starfield ͓20͔ and the crack-tip displacement discontinuity elements proposed herein.
Theoretical Foundation of the Constant Displacement
Discontinuity Element. The problem of a constant displacement discontinuity over a finite line segment in the ͑x, y͒ plane of an infinite elastic solid is specified by the condition that the displacements be continuous everywhere except over the line segment in question. The line segment may be chosen to occupy a certain portion of the x axis, say the portion ͉x͉Ͻa, yϭ0. If we consider this segment to be a line crack, we can distinguish its two surfaces by saying that one surface is on the positive side of y ϭ0, denoted yϭ0 ϩ , and the other is on the negative side, denoted yϭ0 Ϫ . In crossing from one side of the line segment to the other, the displacements undergo a constant specified change in
The displacement discontinuities D i are defined as the difference in displacement between the two sides of the segment:
Because u x and u y are positive in the positive x and y coordinate directions, it follows that D x and D y are positive as illustrated in Fig. 2 . The solution to the subject problem is given by Crouch ͓21͔. The displacements and stresses can be written as
u y ϭD x ͓͑1Ϫ2 ͒F 2 ͑ x,y,a ͒ϪyF 4 ͑ x,y,a ͔͒ ϩD y ͓2͑ 1Ϫ ͒F 3 ͑ x,y,a ͒ϪyF 5 ͑ x,y,a ͔͒, and xx ϭ2GD x ͓2F 4 ͑ x,y,a ͒ϩyF 6 ͑ x,y,a ͔͒ ϩ2GD y ͓ϪF 5 ͑ x,y,a ͒ϩyF 7 ͑ x,y,a ͔͒,
Functions F 2 through F 7 in these equations are 
G and in these equations are shear modulus and the Poisson's ratio, respectively. Equations ͑2͒ and ͑3͒ are used by Crouch and Starfield ͓20͔ to set up a constant displacement discontinuity boundary element method.
Basic Formulas
Required to Set Up a Higher Displacement Discontinuity Element. Now, consider arbitrary displacement discontinuity distributions along element length 2a, as shown in Fig. 3 :
or
Based on the solution of the constant discontinuity in displacement given by Crouch ͓21͔, the displacements and stresses at a point ͑x, y͒ due to a differential element with its length 2d and its center ͑see Fig. 3͒ can be obtained from a differential viewpoint:
Functions T 2 and T 7 in these equations are given by
Obviously, if the following integrals are obtained,
the displacements and stresses at a point ͑x, y͒ due to the whole element can be written as 
The formulas ͑9͒-͑12͒ are the basic formulas required to set up a higher displacement discontinuity element.
Crack-Tip Displacement Discontinuity Elements.
Here, the basic formulas ͑9͒-͑12͒ are used to set up the crack-tip displacement discontinuity elements, which can be classified as the left and the right crack-tip displacement discontinuity elements, to deal with general plane crack problems. The schematic of the left crack-tip displacement discontinuity element is shown in Fig. 4 . Its displacement discontinuity functions are chosen as
where H s and H n are the tangential and normal displacement discontinuity quantities at the center of the element, respectively. Here, it is noted that the element has the same unknowns as the two-dimensional constant displacement discontinuity element. But it can be seen that the displacement discontinuity functions defined in Eqs. ͑13͒ can model the displacement field around the crack tip. The stress field determined by the displacement discontinuity functions ͑13͒ possesses r Ϫ1/2 singularity around the crack tip.
After substituting Eqs. ͑13͒ into ͑10͒, one has
where
After substituting Eq. ͑14͒ into Eqs. ͑11͒ and ͑12͒, one can obtain
It can be seen by comparing Eqs. ͑16͒ and ͑17͒ with Eqs. ͑2͒ and ͑3͒ that the displacements and stresses due to the crack-tip displacement discontinuity possess the same forms as those due to a constant displacement discontinuity, with F l (x,y,a) (i ϭ2,3, . . . ,7) in Eqs. ͑2͒ and ͑3͒ being replaced by B i (x,y,a) (i ϭ2,3, . . . ,7), and D x and D y by H s and H n , respectively. This enables the boundary element implementation to be easy.
The computation of B i (iϭ2,3, . . . ,7) in Eqs. ͑16͒ and ͑17͒ will be carried out in the following from four respects.
͑1͒ For an arbitrary point P(x,y) (y 0), generally, the analytical solutions of integrals ͑15͒ are obtained difficultly. In this paper, the Gauss numerical integration is used to calculate them. The following transformation is made:
and then
Therefore, B i (x,y,a) can be given by
where i and w i are the Gauss point coordinates and corresponding weighed factors, respectively. ͑2͒ For an arbitrary point P(x,y) (yϭ0), integrals B 2 , B 4 , B 5 , B 6 , and B 7 in Eq. ͑14͒ can be solved analytically. For xϾ Ϫa,
While for xϽϪa, let r denote the distance from the crack tip along the crack extension line, i.e., rϭ͉x͉Ϫa.
Then 
͑3͒ For an arbitrary point P(x,y) (yϭ0), the integral B 3 in Eq. ͑14͒ is
͑4͒ From Eqs. ͑21͒ and ͑24͒, one can obtain the element selfeffects easily:
ͯͬͲ a,
For the right crack-tip displacement discontinuity element, similar formulas can be obtained and do not be given here.
Implementation of the Present Numerical Approach and Some Illustrations.
Crouch and Starfied ͓20͔ used Eqs. ͑2͒ and ͑3͒ to set up the constant displacement discontinuity boundary element method ͑BEM͒. Similarly, we can use Eqs. ͑16͒ and ͑17͒ to set up boundary element equations associated with the crack-tip elements. The constant displacement discontinuity elements presented by Crouch and Starfield ͓20͔ together with the crack-tip elements presented in this paper are easily combined to form a very effective numerical approach for calculating the SIFs of general plane cracks. In the boundary element implementation, the left or the right crack-tip element is placed locally at the corresponding left or right crack tip on top of the constant displacement discontinuity elements that cover the entire crack surface and the other boundaries. The method is called as the HDDM.
The hybrid displacement discontinuity method presented in this paper differs from hybrid boundary element codes ͓27͔ that, when used to analyze the SIFs of a branched crack, require the plate to be modeled as a finite plate of huge dimensions by fictitious stress elements ͓20͔, while the crack could be modeled by displacement discontinuity elements. This brings about a higher computational effort.
Pan ͓28͔ pointed out that ''the displacement discontinuity method ͓20͔ is quite suitable for cracks in infinite domain where there is no no-crack boundary. However, it alone may not be efficient for finite domain problems, since the kernel functions in DDM involve singularities with order higher than those in the traditional displacement BEM.'' The hybrid displacement discontinuity method is used by the author to calculate the SIFs of complex plane cracks in a finite plate ͑e.g., a center slant cracked rectangular plate subjected to tension load; cracks emanating from an elliptical hole in a rectangular plate under biaxial loads͒. These numerical results show that the present numerical approach is also simple, yet very accurate. Because of the limitation to the length of this paper, these results are not reported here.
By the way, it is pointed out here that the displacement discontinuity boundary element program listed in Ref. ͓20͔ has one restriction concerning the placement of boundary elements in a problem involving symmetry: a boundary element cannot lie along a line of symmetry. Obviously, this restriction means that the symmetric conditions about the x-axis and y-axis for the crack problems shown in Figs. 7-9 cannot be used and that the symmetric condition about the x-axis for the crack problem shown in Fig. 5 cannot be used also. This leads to the result that when the program is used to analyze the crack problems shown in Figs. 5, 7, 8, and 9, it is not much more efficient than the hybrid displacement discontinuity method, which has no such restriction.
Computational Formulas of Stress Intensity Factors and Simple Test Examples
The objective of many analyses of linear elastic crack problems is to obtain the SIFs K I and K II . Based on the displacement fields around the crack tip, the following formulas exist:
where D y (r) and D x (r) are the normal and shear components of displacement discontinuity at a distance r from the crack tip͑s͒. For practical purposes, the limits in Eq. ͑26͒ can be approximated by simply evaluating the expression for a fixed value of r that is small in relation to the size of the crack. By means of the crack-tip displacement discontinuity functions defined in Eqs. ͑13͒, thus, the approximate formulas of the SIFs K I and K II can be obtained by letting r in Eqs. ͑26͒ be a, one-half length of the crack-tip element:
To prove the efficiency of the suggested approach, two simple test examples are given here. An infinite plate with a through crack of length 2a that is subjected to uniform stress normal to the crack plane at distances sufficiently far away from the crack, is taken to compute the stress intensity factor K I . Owing to its symmetry, only half is taken for the analysis. Table 1 gives the ratio of the numerical solution to the analytical stress intensity factor K I as the number of elements is increased. In this calculation, the cracktip element and constant elements are taken to be equal in size. Table 2 gives the ratio of the numerical solution to the analytical stress intensity factor K I as the ratio of the size of the crack-tip element to the one of constant elements is changed. Here, the sizes of the constant elements are taken to be equal and the total number of elements is 11. It can be seen from Table 1 that a good result for the stress intensity factor K I can be obtained using the crack-tip element. It can be seen from Table 2 that the ratio of the size of the crack-tip element to that of constant elements must be taken to be from 1.0 to 1.3 to obtain a good result with a relative error of less than 3%. This can be regarded as the limitation to the approach presented in the present article. An inclined crack plate with a through crack of length 2a that is subjected to uniform stress at distances sufficiently far away from the crack is taken as another example to compute the SIFs K I and K II , whose exact solution is available ͓29͔. Here, the SIFs K I and K II calculated by the present study are normalized by
where ␤ is the angle between the load and the crack plane. Some numerical results are given in Table 3 . In this calculation, the crack-tip elements and constant elements are taken to be the same size and the total number of elements is taken to be 20, i.e., two crack-tip elements and 18 constant elements. It is observed from Table 3 that regardless of the size of the angle ␤ between the load and the crack plane, the present numerical results of the SIFs K I and K II are in good agreement with the analytical results.
Numerical Examples
From the 1970s to today, many researchers have paid attention to branched cracks ͓1-12͔, in particular, a singly branched crack. The investigation approaches for these include mostly the Muskhelishvili potential formulation ͓1,9,30͔, the conformal mapping method ͓6-8͔, the dislocation distribution method ͓12͔, and numerical methods, mostly, finite element methods ͓11,19͔ and boundary element methods ͓16,19,31,32͔. Here, the present numerical approach is used to calculate the SIFs of branched cracks in an infinite sheet and the present numerical results are compared with the available solutions. Evidently, Bueckner's principle can be used in these analyses.
A Singly Branched
Crack. First, the boundary-element method presented in this article is used to calculate the SIFs of a singly branched crack ͑see Fig. 1͒ in an infinite sheet under uniform tension. The SIFs at the branched crack tip B are normalized by
Regarding the discretization of boundary elements, the number of elements discretized on the branched crack is varied with b/a ͑see Table 4͒ , and the other boundaries are discretized according to the limitation condition that all boundary elements have approximately the same length. 
A Symmetrically Branched Crack.
Second, the present numerical method is used to calculate the SIFs of a symmetrically branched crack ͑see Fig. 5͒ in an infinite sheet under uniform tension. The SIFs at the main crack tip A and at the branched crack tip B are normalized by
Regarding the discretization of boundary elements, the number of elements discretized on a branched crack is varied with b/a ͑see Table 8͒ , and the other boundaries are discretized according to the limitation condition that all boundary elements have approximately the same length. Table 9 shows the present numerical results of the normalized SIFs at the main crack tip A and at the branched crack tip B as the branched angle and b/a are changed. For comparative purposes, 
Regarding the discretization of boundary elements, the number of elements discretized on a branched crack is varied with b/a ͑see also Table 8͒ , and the other boundaries are discretized according to the limitation condition that all boundary elements have approximately the same length. 
A Doubly Symmetrically Branched Crack.
Finally, the SIFs of a doubly symmetrically branched crack in an infinite sheet under uniform tension ͑see Fig. 7͒ are analyzed by means of the present numerical approach. The SIFs at a branched crack tip are determined still by using formulas ͑31͒. Regarding the discretization of boundary elements, the number of elements discretized on a branched crack is varied with b/a ͑see also Table 8͒ , and the other boundaries are discretized according to the limitation condition that all boundary elements have approximately the same length. Table 11 shows the SIFs at a branched crack tip as the branched angle and b/a are changed. For the comparison purpose, Table 11 lists also the SIFs at the branched crack tip obtained by Vitek ͓12͔ ͑also see p. 386 in Ref. ͓29͔ by means of the dislocation distribution method. It can be seen from Table 11 that for the doubly symmetric branched crack the present numerical results are in good agreement with those by Vitek within 2.2%.
Cracks Emanating From a Rhombus Hole in an Infinite Plate Under Biaxial Loads
In this section, specifically, the boundary element method presented in this article is used to study cracks emanating from a rhombus hole in an infinite plate under biaxial loads. The present numerical results for this crack problem indicate further that the present approach is very effective for calculating the SIFs of complex plane cracks and can reveal the effect of the biaxial load on the SIFs. Shown in Fig. 8 is the schematic of cracks emanating from a rhombus hole in an infinite plate under biaxial loads. For this problem, symmetric conditions about the x-axis and y-axis can be used. The following cases are considered: Regarding the discretization of boundary elements, the number of elements discretized on a quarter of rhombus hole is 100, and the other boundaries are discretized according to the limitation condition that all boundary elements have approximately the same 
Numerical Simulation of Fatigue Crack Propagation Process Under Mixed-Mode Conditions
On the application of boundary element methods to crack propagation analysis, the first attempt to automatically model crack propagation under mixed-mode conditions was given by Ingraffea, Blanford, and Liggett ͓22͔ for two-dimensional problems. They used the multiregion method ͓13͔ together with the maximum circumferential stress criterion to calculate the direction of crack propagation. Aliabadi ͓23͔ pointed out that the difficulty with the multiregion method is that the introduction of artificial boundaries to divide the regions is not unique, and thus it is not easy to implement it in an automatic procedure. In an incremental crack extension analysis, these artificial boundaries must be repeatedly introduced for each increment of crack extension. Finite element simulations ͓25,26͔ when used to analyze crack problems have to face difficult computational problems connected with the discretization of the continuum into finite elements, particularly when some cracks propagate, thus changing the interior boundaries of the solids. In this paper, the hybrid displacement discontinuity method and the maximum circumferential stress criterion ͓24͔ are combined to form a very effective numerical approach for simulating the fatigue crack propagation process in plane elastic bodies under mixed-mode conditions. In the numerical simulation, for each increment of crack extension, remeshing of existing boundaries is not required because of an intrinsic feature of the HDDM. Crack propagation is simulated by adding new boundary elements on the incremental crack extension to the previous crack boundaries. At the same time, the element characters of some related elements are adjusted according to the manner in which the boundary element method is implemented. As an example, the fatigue propagation process of cracks emanating from a circular hole in a plane elastic plate is simulated using the numerical simulation approach.
It is well known that the fatigue crack propagation, which propagates in a self-similar manner, obeys Paris's equation
where ⌬a/⌬N is the fatigue crack propagation ratio, A and m are material constants, and ⌬K I is the range of the stress intensity factor K I . In general, the fatigue propagation analysis of a crack under mixed-mode conditions involves the determination of the crack propagation direction ͑e.g., Sih and Barthelemy ͓33͔͒ except for an equation similar to Eq. ͑32͒. Here, the fatigue propagation of a crack under mixed-mode conditions is assumed to satisfy the following conditions: ͑1͒ A fatigue crack will propagate to the direction of the maximum tangential stress surrounding the crack tip. ͑2͒ The fatigue crack propagation rate equation is
where 0 is the crack propagation angle predicted according to condition ͑1͒, ⌬K I and ⌬K II are, respectively, the ranges of the stress intensity factors K I and K II , and C and n are material constants that are related to the material constants A and m in Paris's equation ͑32͒ by the relations CϭA, nϭm.
As an example, the fatigue propagation process of cracks emanating from a circular hole ͑see Fig. 9͒ in an infinite plate sub- jected to uniform cycle stress in the y direction at distances sufficiently far away from the hole is simulated. For this crack problem, the symmetric conditions about the x and y-axes can be used. In this analysis, the shear modulus G, Poisson's ratio , the fracture toughness K Ic , the material constants A and m in Paris's equation, the threshold value of the stress intensity factor, ⌬K th , cyclic loading parameters, the mean stress m , and the characteristic of cyclic loading, R, are as follows:
Gϭ2744 kg/mm 2 , ϭ0.321, K Ic ϭ116 kg/mm 3/2 , Aϭ1.039ϫ10 Ϫ10 , 
Conclusions
In the present paper, the crack-tip displacement discontinuity elements are presented to model the singularity of stress near a crack tip. Furthermore, the crack-tip elements and the constant displacement discontinuity element presented by Crouch and Starfied are combined to form a numerical approach for calculating the SIFs of general plane cracks. Numerical examples are given and compared with the available solutions. It can be seen that the numerical approach is simple, yet very accurate for calculating the SIFs of branched cracks. As a new example, cracks emanating from a rhombus hole in an infinite plate under biaxial loads are taken into account. The numerical results indicate the efficiency of the present numerical approach and can reveal the effect of the biaxial load on the SIFs. In addition, the hybrid displacement discontinuity method developed in this paper together with the maximum circumferential stress criterion becomes a very effective numerical approach for simulating the fatigue crack propagation process in plane elastic bodies under mixed-mode conditions.
